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Abstract

We study the temporal structure of risk prices, risk exposures and expected market re-
turns for Brazil assuming the economy follows a long run risks model. The model consists
on an endowment economy where aggregate consumption and dividend growth contain pre-
dictable components, and a representative agent has Epstein-Zin recursive preferences with
CES specification. We show that aggregate consumption in Brazil is sufficiently predictable
to generate risk premia associated with Epstein-Zin preferences in excess of traditional com-
pensations induced by power utility. Moreover, risk compensation is dominated by perma-
nent shocks both in the short and long run, as Epstein-Zin preferences mitigate the price of
temporary shocks’ risk.
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1 Introduction

Consumption based models are the leading theoretical framework to explain the price of financial
assets through their exposure to fundamental macroeconomic risks. Early empirical applications,
however, found that standard consumption-based models such as the CCAPM struggle to explain
key features of financial data in the US (see e.g. Mehra and Prescott (1985) and Hansen and
Singleton (1982)). The long run risks model of Bansal and Yaron (2004) emerged as a success-
ful consumption-based rationalization of the equity premium in the US through a combination
of Epstein and Zin (1989) preferences and predictable consumption dynamics. These ingredients
generate an intricate risk price structure that induces higher risk premia for assets exposed to
uncertainty affecting consumption in the long run, a key source of variation in the stochastic dis-
count factor. Brazilian data, on the other hand, suggests mixed results with respect to the ability
of standard consumption models to explain the equity premium (see Cysne (2006) and Bonomo
(2004)). Nonetheless, when post inflation Brazilian data is used in empirical applications, a power
utility induced stochastic discount factor is incapable of generating enough variation to justify
equity premium levels (see Cysne (2006)).1 For this reason, more elaborate versions of the stan-
dard model might be necessary to amplify the risk premium induced by Brazilian consumption
dynamics.

In this paper, we investigate the asset pricing implications of a long run risks model in Brazil.
More specifically, we explore specific channels in which the dynamic properties of Brazilian con-
sumption affects the determination of a temporal structure of risk premia in an approximate long
run risks model, where consumption potentially contains a predictable component, but volatili-
ties are conditionally constant. Our main contribution is to show that aggregate consumption in
Brazil is sufficiently predictable to generate risk premia associated with Epstein-Zin preferences,
in excess to the traditional compensations induced by power utility. For moderate levels of risk
aversion, about a third of short run risk premia is generated through the expansion of the stan-
dard model to incorporate long run risks components. In other words, if we had to answer the
question: Based on consumption Brazilian data, does consumption dynamics induce a long run
risk premium? The answer is yes, a sizeable premium.

A former literature on consumption-based models in Brazil, such as Issler and Piqueira
(2000), Bonomo and Domingues (2002) and Sampaio (2002), identifies that the equity premium
can be explained by conventional asset pricing models (such as the CCAPM), using acceptable
levels of risk aversion. Those results are directly driven by the high volatility of aggregate con-
sumption found in older datasets. Such exaggerated volatility might have been induced, most

1Here we emphasize that since the standard deviation of the IBOVESPA returns (which represent the stock
market index) is extremely high, equity premium levels end up highly dependent on the window of IBOVESPA
returns analyzed, ranging from 1% to 50%. Such variability itself justifies the adoption of models more general
than the CCAPM.
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probably, by measurement errors in periods of high inflation and/or by untreated seasonal effects
coming from quarterly data. Evidence on this direction is found by Soriano (2002) who uses
quarterly consumption data treated for seasonality and identifies that the CCAPM cannot ade-
quately replicate the Brazilian equity premium with reasonable risk-aversion coefficients. In Cysne
(2006), where most observations correspond to the post hyperinflation period in Brazil, the stan-
dard model is also unable to justify the equity premium. In our dataset, consisting of quarterly
post hyperinflation data with seasonal effects adjustments, we show that the stochastic discount
factor induced by power utility alone is able to generate moderate equity premia. Nonetheless,
and most importantly, we also show that the introduction of a channel for long run risks makes
the macro-finance model much more powerful and prepared to capture the large confidence band
of "window-dependent" equity premium levels that exists in Brazil, even when only post hyperin-
flation data is used.

The long run risks model used in this paper consists on an endowment economy where aggre-
gate consumption and dividend growth contain predictable components, summarized by a state
variable. A representative agent has Epstein-Zin recursive preferences with CES specifications.
Conditional volatility of consumption growth is constant in time, contrasting with more traditional
long run risks models, as Bansal and Yaron (2004), Colacito and Croce (2011) and Bansal and
Shaliastovich (2012). Following Hansen, Heaton, Lee, and Roussanov (2007) and Hansen, Heaton,
and Li (2008), the simplified constant volatility specification enables the approximation of the
stochastic discount factor around a log-linear solution, obtained when the intertemporal elasticity
of substitution is equal to one. The approximate solution is a linear-quadratic function of the state
and can be recovered using preference parameters and a log-linear consumption growth dynamics.

Consumption predictability is a major ingredient in long run risks models. When consumption
growth is i.i.d., we cannot distinguish the asset pricing implications originated from representative
agents equipped with Epstein-Zin or power utility. We test if aggregate consumption in Brazil
has a predictive component using past consumption and GDP growth as predictors. In our data,
we find that these variables are able to predict one quarter ahead consumption growth with R2

equal to 17%. Consumption predictability in Brazil is not as strong as the one inferred from US
datasets. Bansal, Kiku, and Yaron (2012) and Beeler and Campbell (2012) find that the VAR
implied one year ahead consumption growth forecast in the US is summarized by a R2 between
23 and 26%, where consumption growth, price-dividend ratio and the risk free rate are used as
endogenous variables. We did not find reliable data for Brazilian aggregate price-dividend ratios,
so they were not included as predictors in our estimations. We did, however, include the risk free
rate in multivariate predictive regressions, but the R2 statistic’s improvement was negligible.

We also test if cointegrating restrictions can be used to improve consumption predictability.
If consumption and GDP are cointegrated, deviations from the cointegrating relation contains
information about future outcomes. Bansal, Dittmar, and Kiku (2007), Bansal and Kiku (2011)
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and Da (2009) impose cointegration to improve dividend and return predictability. In Hansen,
Heaton, and Li (2008), a cointegrating relation between corporate earnings and consumption is
shown to increase variation in the stochastic discount factor, raising the price of risk associated
with them. We did not find strong evidence for cointegration between consumption and GDP in
our dataset, even though we cannot reject its existence using an unrestricted Johansen (1991) test.
Imposing cointegration does not improve short run consumption predictability despite improving
prediction for longer horizons. Nevertheless, ultimately we do not find cointegrating relations
suitable to represent consumption dynamics and dismiss them to prevent misspecification issues.

In the long run risks economy the temporal properties of uncertainty are relevant for pric-
ing. Epstein-Zin preferences under reasonable parameterizations amplify the compensation for
risks that encode persistent dynamics. Therefore, permanent shocks associated with responses to
consumption that are not expected to vanish over time, earn a higher premium than temporary
shocks.

We investigate the sources of macroeconomic risks by the identification of structural shocks in
our VAR system. We identify permanent and temporary shocks by restricting the latter to have
no effects to consumption in the long run, a strategy proposed by Blanchard and Quah (1989)
and adopted in Hansen, Heaton, and Li (2008). Our estimation results indicate that consumption
in Brazil is mainly exposed to permanent risks. The short run response of consumption to a
permanent shock is about 3.5 times higher than the effect of a temporary shock. We also find that
Epstein-Zin preferences suppress the pricing effects of temporary risks. This result implies that
the risk compensation for payoffs exposed mainly to temporary shocks is small, a consequence of
the risk price structure generated by the long run risks model. A qualitatively similar result was
obtained by Hansen, Heaton, and Li (2008), whose findings using datasets from the US indicate
that permanent shocks have twice the short run response of a temporary shock. This pattern can
be explained by the fact that temporary shocks can only exist in this framework if consumption
is predictable, otherwise, in case it is represented by the familiar random walk specification, all
shocks affecting consumption would be permanent. As our data suggests, complementing the
international evidence, consumption has a small but significant predictable component, which is
reflected in the modest size of temporary shocks.

The asset pricing implications of the model are simplified by the closed form structure of the
stochastic discount factor. In particular, it is possible to characterize how the compensation for
exposure to uncertainty evolves when we change the horizon of investment. The temporal prop-
erties of the interaction between macroeconomic risks and asset prices is the object of a growing
literature, see e.g. Parker and Julliard (2005), Campbell and Vuolteenaho (2004) and Lettau
and Wachter (2007). Part of this research investigates how the allocation of risk compensation
through time affects one period risk premia and generates cross section variation not explained
by the CCAPM. In this paper, a temporal structure for prices and exposures to risk is obtained
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by decomposing the innovations to the stochastic discount factor, as it highlights the sources of
risk compensation in this long run risks economy. Our decomposition is focused on risk prices and
how Epstein-Zin preferences affect the exposure of the stochastic discount factor to uncertainty.

The estimated model suggests that risk prices in Brazil, for the particular window of time
analyzed, are mainly driven by power utility induced variations originated by innovations to
consumption growth, although the Epstein-Zin term also contains significant risk prices. The role
of Epstein-Zin preferences to the determination of risk prices, which is associated with changes in
expected long run levels of consumption, depends on dynamic effects of the underlying shock. We
find that the price of temporary risks to consumption is close to zero because, although a positive
temporary shock increases discounting through the usual power utility component, it represents
bad news for consumption growth, as it must be reversed in the future, mitigating the risk price
effect through the Epstein-Zin term. Estimated permanent risk prices, on the other hand, are
reinforced by Epstein-Zin preferences, as the short and long run effect on aggregate consumption
have the same direction.

Long run risk prices, when the horizon of investment approaches infinity, are enhanced by the
predictability characteristics of Brazilian consumption, where overall uncertainty is accumulated
over time, instead of fading out. This result diverges from the one found in Van Binsbergen,
Brandt, and Koijen (2012) using US data, where payoffs realized in the short run receive a higher
risk premium when compared to payoffs paid in longer horizons.

The results for risk premia mirror the risk price structure of the stochastic discount factor.
Dividends paid one period ahead are compensated mainly for concerns about next period con-
sumption and cash flow growth variability. Epstein-Zin induced premium, however, represents
about a third of expected excess one period return, increasing its contribution when the risk
aversion coefficient is high. For longer investment horizons, the risk premium also increases as
a consequence of accumulated uncertainty caused by the estimated consumption predictability.
Our results indicate that, although aggregate consumption and persistence patterns are relatively
weak in Brazil, they are still able to generate significant compensation for non diversifiable risks
through the Epstein-Zin channel.

The rest of of the paper is organized as follows. Section 2 describes the adopted model. It first
introduces the state space representation for the random vector that drives all the uncertainty
in the economy, including consumption, dividends and the pricing kernel. Next, it presents the
agent’s preferences and optimization problem, the implied Stochastic Discount Factor and its pric-
ing implications for the term structure of dividends. Section 3 presents model estimation starting
with an analysis of the statistical properties of the consumption process including stationarity
and cointegration tests with the GDP process. It also identifies consumption dynamics via a VAR
model with transitory and permanent shocks that characterize the long run risks model. Section 4
details asset pricing implications coming from predictability patterns of the Brazilian consumption
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time series. Section 5 provides concluding remarks.

2 The Model

The economy follows a long run risks model where shocks are restricted to have deterministic
volatility. The two main components of the model are a representative agent with Epstein-Zin
preferences and a predictable consumption process that generates interactions between the stochas-
tic discount factor and the conditional expectation of future dividend payments.

The economy is modeled in a log-linear framework, so we are able to approximate a solution
in closed form and assess more clearly the asset pricing implications for Brazilian data. An
exact closed form solution is obtained in the special case where the intertemporal elasticity of
substitution (IES) is equal to one, so utility can be written as a log-linear function of the state
variable. When the elasticity is different from one, we approximate the value function around the
log-linear solution and obtain a quadratic function of the state.

Asset prices are obtained using a pricing operator generated by the stochastic discount factor.
The time t value of a dividend paid j periods ahead can be computed by repeated iteration of the
pricing operator. We are also able to use this operator to price assets paying dividends in different
maturities and recover a temporal structure for expected returns. We are specially interested in
the expected return of assets paying dividends one period ahead or in the distant future, where a
limiting solution can be obtained.

2.1 Endowments

Predictability is summarized by the state variable xt, a k-dimensional vector satisfying

xt+1 = Gxt +Hεt+1 (1)

where {εt+1} is a k-dimensional sequence of normally distributed i.i.d. vectors of shocks with zero
mean and covariance I. We assume that all eigenvalues of G lie inside the unit circle to guarantee
stationarity of xt. Any vector autoregression (VAR) with p lags can be written as a VAR(1) by
appropriately redefining variables, so the number of lags in the state variable representation (1)
is adopted without loss of generality.

The logarithm of consumption growth ∆ct+1 satisfies

∆ct+1 = µc + Ucxt + λcεt+1 (2)

where µc is the unconditional mean of consumption growth, λc is a 1× k vector controlling short
term exposure to uncertainty and Uc is a 1 × k vector that governs predictability patterns. The
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state variable shifts the conditional expectation for next period consumption by Ucxt and, because
of its persistent structure controlled by G, also alters the expectations of future consumption levels.

The short term dynamic specification of consumption growth in equation (2) encodes long run
properties of consumption levels. One way to extract these properties is using the Beveridge and
Nelson (1981) decomposition to write:

ct = µct+ U∗c xt + πczt (3)

where

U∗c = −Uc(I −G)−1 (4)

πc = λc + Uc(I −G)−1H (5)

zt =
∑t

j=1
εj (6)

Consumption levels are decomposed as the sum of a deterministic trend µct, a stationary
process U∗c xt and a martingale πczt. Initial conditions for ct and xt have no implications for our
results, so we set them to zero for simplicity. Writing consumption as (3) emphasizes its permanent
components, which, as will become clear later, are the only relevant information to price assets
whose dividends maturity approaches infinity.

If Uc = 0, so consumption growth is i.i.d, there are no temporary components in the level of
consumption and all shocks have permanent effects. When consumption is predictable, part of
the effects of shocks is captured by the stationary component U∗c xt and the remaining effect is
captured by the martingale term. The effect of a shock to the martingale in consumption can be
written as the cumulated responses to consumption growth:

πc = λc + Uc

(
∞∑
j=0

Gj

)
H (7)

To understand what this expression represents, notice that, by construction, the martingale
πczt is the asymptotic consumption level’s conditional expectation when the deterministic trend
is already taken into account:

lim
j→∞

Et [ct+j − µc(t+ j)] = ct + lim
j→∞

Et

[
t+j∑
i=1

(∆ci − µc)

]
(8)

= ct +
(
λc + Uc(I −G)−1H

) t∑
i=1

εi (9)

= ct + πczt (10)
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The above relation suggests that we can interpret πczt as a stochastic trend for consumption:
shocks to the martingale process represent new information with respect to long run levels of
consumption. On the other hand, shocks to the stationary term are expected to vanish through
time and have no impact on consumption asymptotically.

The same dynamic specification is used for dividend growth ∆dt+1:

∆dt+1 = µd + Udxt + λdεt+1 (11)

The structure above add flexibility to model market dividend streams, allowing trends, pre-
dictability patterns and responses to uncertainty to be different from the consumption process. A
Beveridge and Nelson decomposition analogous to equation (3) holds:

dt = µdt+ U∗dxt + πdzt (12)

where

U∗d = −Ud(I −G)−1 (13)

πd = λd + Ud(I −G)−1H (14)

2.2 Preferences

Preferences are summarized by a representative agent with Epstein and Zin (1989) utility Vt that
satisfies the constant elasticity of substitution (CES) recursion:

Vt =
[
(1− β)C1−ρ

t + βRt (Vt+1)
1−ρ] 1

1−ρ (15)

where β is the subjective discount factor and ρ is the reciprocal of the IES. The function Rt(·)
also has a CES functional form and operates a risk correction to the continuation value Vt+1 that
generates a certainty equivalent of the next period utility:

Rt(Vt+1) = Et

[
V 1−γ
t+1 |

] 1
1−γ (16)

where the parameter γ controls the risk aversion of the representative agent.
The constant relative risk aversion (CRRA) family is the solution to the utility recursion (15)

whenever ρ = γ. In these cases, the attitude of the representative agent with respect to dispersion
of consumption through time and between states of nature are tied together. The generality of the
Epstein-Zin preference class comes from the fact that the IES and risk aversion parameters can
be chosen separately. In this case, it is possible to amplify risk premia using larger risk aversion
coefficients without much impact on risk free rates.
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A log-linear exact solution for the representative agent’s utility is available when ρ = 1. For
different IES parameters, Hansen, Heaton, Lee, and Roussanov (2007) and Hansen, Heaton, and
Li (2008) obtain closed form approximate solutions around the log-linear case. To obtain these
approximations, define:

vt = log

(
Vt
Ct

)
(17)

For any given ρ, vt must satisfy:

vt =
1

1− ρ
log
(
(1− β) + βRt (exp (vt+1 + ∆ct+1))

1−ρ) (18)

In the limiting case ρ = 1, the above recursion can be written as:

vt =
β

1− γ
logEt [exp {(1− γ)(vt+1 + ∆ct+1)}] (19)

It can be verified that a solution for equation (19) is given by:

vt = µv + Uvxt (20)

where

µv =
β

1− β
µc +

β

1− β
(1− γ)

2
|λc + βUc(I − βG)−1H|2 (21)

Uv = βUc(I − βG)−1 (22)

The first term in µv is the sum, discounted by the subjective discount factor β, of the uncondi-
tional expectation of future consumption growth. The second component is a Jensen adjustment
induced by Rt (·) and the discounted cumulated responses of consumption growth to shocks. The
vector Uv summarizes the effect on utility of changes in the state variable and can be equivalently
be written as Uv = βUc

∑∞
j=0 β

jGj. The expected value of a future state xt+j, conditional on
information in t, is given by Etxt+j = Gjxt, so Uvxt captures the discounted sum of changes in
future predictable consumption growth.

To emphasize the dependence of the utility process on the intertemporal elasticity of substitu-
tion, we write vρt as the continuation value from now on. For any given ρ, the value function vρt is
approximated using perturbation methods by expanding it around the log-linear solution solution
obtained for ρ = 1:

vρt ≈ v1t + (ρ− 1)Dv1t (23)

The stochastic process Dv1t is the derivative of vρt with respect to ρ and evaluated at ρ = 1.
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This derivative can be obtained directly using equation (18) and the solution for v1t given by (20).
It can be shown that Dv1t satisfy the recursive relation:

Dv1t = −(1− β)

2β

(
v1t
)2

+ βE∗t [Dv
1
t+1] (24)

where the conditional expectation operator E∗t [·] is obtained using a probability measure distorted
by the Radon-Nikodym variable:

exp
(
(1− γ)(v1t+1 + ∆ct+1

)
Et[exp

(
(1− γ)(v1t+1 + ∆ct+1)

)
]

(25)

The solution to equation (24) satisfy:

Dv1t = −(1− β)

2β

∞∑
j=0

βjE∗t

[(
v1t+j

)2] (26)

so the derivative Dv1t has a linear quadratic form on the state variable that is described in the
appendix.

2.3 The Representative Agent’s Problem

Suppose the agent has access to an asset that pays the dividend stream {Dt}∞j=0. We denote
the wealth of the agent in period t by Wt and the one period gross return by Rt, so the budget
constraint satisfy the recursion:

Wt+1 = (Wt − Ct)Rt+1 (27)

The representative agent’s problem is given by:

V (Wt) = max
Ct

[
(1− β)C1−ρ

t + βRt (V (Wt+1))
1−ρ] 1

1−ρ

s.t. Rt (V (Wt+1)) = Et

[
V 1−γ
t+1 |

] 1
1−γ (28)

Wt+1 = (Wt − Ct)Rt+1

Wt is given

and the first order condition is:

[Ct] : (1− β)C−ρt = Et

[
β

(
V (Wt+1)

Rt (V (Wt+1))

)ρ−γ
V ′(Wt+1)

V (Wt+1)ρ
Rt+1

]
(29)
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The solution for the agent’s problem must also satisfy the Envelope condition, which after
some rearrangements can be written as:

V ′(Wt)

V (Wt)ρ
= Et

[
β

(
V (Wt+1)

Rt (V (Wt+1))

)ρ−γ
V ′(Wt+1)

V (Wt+1)ρ
Rt+1

]
(30)

Using equations (29) and (30), we get:

V ′(wt)

V (wt)ρ
= (1− β)c−ρt (31)

The Envelope condition (30), together with equation (31), generates the Euler equation for
the representative agent’s problem:

Et

[
β

(
Ct+1

Ct

)−ρ(
V (Wt+1)

Rt (V (Wt+1))

)ρ−γ
Rt+1

]
= 1 (32)

2.4 Stochastic Discount Factor

The asset pricing implications of the model are determined by the properties of its stochastic
discount factor St,t+1, the ratio between marginal utilities in periods t + 1 and t. The covariance
between the stochastic discount factor and asset payoffs determines risk premia in this economy,
so we establish the sources of variation to St,t+1 and how they are related to future cash flows.

The stochastic discount factor is obtained directly from the Euler equation:

St,t+1 = β

(
Ct+1

Ct

)−ρ(
Vt+1

Rt (Vt+1)

)ρ−γ
(33)

Epstein-Zin preferences generate a stochastic discount factor that depends on the continuation
value Vt+1, which is not observable. As we have seen, however, when ρ = 1 we are able to express
v1t as a linear function of the state and, for any given ρ, we can write vρt as a linear quadratic
function of xt using the first order approximation in equation (23). As shown in Hansen, Heaton,
Lee, and Roussanov (2007), it is possible to obtain similar representations for the logarithm of the
stochastic discount factor sρt,t+1, where again the superscript is used to emphasize dependence on
the parameter ρ. In the special case ρ = 1, we can write s1t,t+1 as:

s1t,t+1 = log β −∆ct+1 + (1− γ)(v1t+1 + ∆ct+1 − logRt

(
exp(

(
v1t+1 + ∆ct+1

))
(34)

and plug the solution (20) for v1t and the dynamic specification for consumption growth (2) to
recover a linear solution to s1t,t+1 that depends only on the state xt and the shock vector εt+1:

st,t+1 = µs + Usxt + λsεt+1 (35)
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where:

µs = log β − µc − (1− γ)2
|λc + βUc(I − βG)−1H|2

2
(36)

Us = −Uc (37)

λs = −γλc + (1− γ)βUc(I − βG)−1H (38)

The expected value of s1t,t+1 is given by the logarithm of the subjective discount β minus the
conditional mean of consumption growth and a Jensen inequality adjustment. The innovations
to s1t,t+1 are decomposed to emphasize the different sources of variation to the stochastic discount
factor generated by Epstein-Zin preferences as:

(Et+1 −Et) s1t,t+1 = (λcrras + λezs ) εt+1 (39)

where

λcrras = −γλc (40)

λezs = (1− γ)βUc(I − βG)−1H (41)

The first component λcrras is familiar in CCAPM models: it reflects the response of the stochas-
tic discount factor to shocks as minus the product of the risk aversion parameter γ and the exposure
of consumption growth λc. The second term λezs is specific to the Epstein-Zin preference class and
is given by the product of the discounted long run exposure of consumption to risk and the differ-
ence between the intertemporal elasticity of substitution, which is equal to one in this case, and
the risk aversion coefficient.

We obtain an approximation of the logarithm of the stochastic discount factor sρt,t+1 using, as
in the case of the continuation value, a Taylor expansion around the solution obtained for ρ = 1:

sρt,t+1 = s1t,t+1 + (ρ− 1)Ds1t,t+1 (42)

The formulas for the above approximation are given in the appendix. To obtain a temporal
structure of risk premia we need a stochastic discount factor St,t+j that expresses the time t value
of payoffs paid j periods ahead. The solution of the representative agent’s problem also satisfies
the Euler equation:

Et [St,t+jRt,t+j] = 1 (43)
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where Rt,t+j is the gross return obtained from t to t+ j and:

St,t+j =

j∏
i=1

St+j−1,t+j (44)

= exp

(
jµs + Us

j∑
i=1

xt+i−1 + λs

j∑
i=1

εt+i

)
(45)

2.5 Pricing

The temporal structure of returns can be obtained using pricing operators that transform future
payoffs in current prices, generating an iterative method to compute the risk premium of dividends
paid in alternative horizons. These operators encodes both short and long run properties of asset
prices, illustrating the discounting dynamics determined by the stochastic discount factor.

When aggregate consumption is predictable, risk prices and exposures do not grow proportion-
ally with time as in the i.i.d. case, as a consequence of the stationary component of consumption
and dividends obtained from the Beveridge and Nelson decomposition. The deterministic trend
and the martingale component, on the other hand, have simple pricing structures, and can be
detached from the cash flow process to simplify the construction of the pricing operator. Define
the auxiliary process D∗t by:

D∗t+1 = D∗t exp (µd + πdεt+1) (46)

where D∗0 = 1. The dividend growth process can then be written as:

Dt+1

Dt

=
D∗t+1

D∗t
exp (U∗d (xt+1 − xt)) (47)

The pricing operator is defined on a set of functions of the state variable, where the necessary
domain depends on the intertemporal elasticity of substitution. When ρ = 1, the stochastic
discount factor has a log-linear structure that can be conveniently used to solve expectations
using standard properties of lognormal variables. If ρ is not unitary, we must define the domain
of the pricing operator on a wider set composed by the exponential of linear quadratic functions,
as the logarithm of the stochastic discount factor approximation is linear quadratic on the state.
The general domain can thus be determined for functions of the form:

exp

(
φ0 + φ1x+

1

2
x′φ2x

)
(48)

Given a function determined by (φ0,φ1,φ2), the pricing operator value P(exp
(
φ0 + φ1x+ 1

2
x′φ2x

)
)

is defined by:
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P
(

exp

(
φ0 + φ1x+

1

2
x′φ2x

))
= (49)

E

[
exp

(
st,t+1 + µd + πdεt+1 + φ0 + φ1xt+1 +

1

2
x′t+1φ2xt+1

)
|xt = x

]
(50)

Each operator is dictated by the stochastic discount factor st,t+1 and the permanent component
of dividends µd + πd. The resulting value can be written as:

P
(

exp

(
φ0 + φ1x+

1

2
x′φ2x

))
= exp

(
φ∗0 + φ∗1x+

1

2
x′φ∗2x

)
(51)

where the parameters (φ∗0,φ
∗
1,φ
∗
2) are given in the appendix.

When ρ = 1, we are able to compute the temporal structure of returns restricting the operator
P(·) to functions of the form exp (φ0 + φ1x), where:

P (exp (φ0 + φ1x)) = E [exp (st,t+1 + µd + πdεt+1 + φ0 + φ1xt+1) |xt = x] (52)

= exp (φ∗0 + φ∗1x) (53)

and

φ∗0 = µs + µd + φ0 +
|λs + πd + φ1H|2

2
(54)

φ∗1 = Us + φ1G (55)

The price in t of a one period ahead dividend paying D∗t+1 exp
(
φ0 + φ1xt+1 + 1

2
x′t+1φ2xt+1

)
can

be written as:

Et

[
St,t+1D

∗
t+1 exp

(
φ0 + φ1xt+1 +

1

2
x′t+1φ2xt+1

)]
= (56)

D∗tP
(
φ0 + φ1xt+1 +

1

2
x′t+1φ2xt+1

)
(57)

The price in t of a payoff paid j periods ahead can be obtained by repeated iteration of the
operator P(·). Suppose that an asset is determined by the permanent component D∗t and the
transitory term (48). It’s price is equal to:
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Et

[
St,t+jD

∗
t+j exp

(
j∑
i=1

[
φ0 + φ1xt+i +

1

2
x′t+iφ2xt+i

])]
= (58)

D∗tEt

[
exp

(
j−1∑
i=1

(µs + µd + Usxt+i−1 + λsεt+i + πdεt+i+ (59)

φ0 + φ1xt+i +
1

2
x′t+iφ2xt+i

))
P
(
φ0 + φ1xt+j +

1

2
x′t+jφ2xt+j

)]
= (60)

D∗tPj
(
φ0 + φ1xt + +

1

2
x′tφ2xt

)
(61)

We also define an operator G(·) to compute expected values of future dividend levels. We can
restrict the domain of this operator to log-linear functions of the state given the simple structure
of dividend dynamics. For a function exp(φ0 + φ1x), define G(exp (φ0 + φ1x)) as:

G(exp (φ0 + φ1x)) = E [exp (µd + πdεt+1 + φ0 + φ1xt+1) |xt = x] (62)

We can use the above operator to compute the expected value, conditional on information in
time t, of future dividends:

Et [Dt+j] = DtEt

[
exp

(
jµd +

j∑
i=1

(U∗d∆xt+i + πdεt+i)

)]
(63)

= DtEt

[
exp

(
(j − 1)µd +

j−1∑
i=1

(U∗d∆xt+i + πdεt+i)

)
G (U∗d∆xt+i−1)

]
(64)

= DtGj (U∗d∆xt+1) (65)

Using P and G, we are able to write the expected return of a dividend Dt+j as:

Et[Rt+j] =
Et [Dt+j]

Et [St,t+jDt+j]
(66)

=
G(U∗d∆xt)

P(U∗d∆xt)
(67)

The risk free rate, contracted in t, for j periods ahead can easily be calculated by:

Rf
t,t+j =

1

E[St,t+j]
(68)
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=
1

D∗tP(U∗d∆xt)
(69)

We can extract the long run properties of these operators using the methodology described
in Hansen, Heaton, and Li (2008). To simplify the analysis here, we focus on the unitary in-
tertemporal elasticity of substitution case. We start extracting the eigenvalue ν and eigenfuntion
exp

(
φ̄0 + φ̄1x

)
of P :

P(exp
(
φ̄0 + φ̄1x

)
) = e−ν exp(

(
φ̄0 + φ̄1x

)
) (70)

The solution of the above equation is given by:

φ̄0 = 0 (71)

φ̄1 = Us(I −G)−1 (72)

−ν = µs + µd +
|λs + πd + φ̄1H|2

2
(73)

The eigenfunction of the operator G(·) is a constant given by φ0 = 0 and φ1 = 0, and the
eigenvalue η is equal to:

η = µd +
|πd|
2

(74)

In Hansen, Heaton, and Li (2008), it is shown that the limiting expected return when the
horizon of dividend approaches infinity is equal to:

Et[Rt,∞] = η + ν (75)

= ς∗ + π∗ · πd (76)

where

ς = −µs −
|πs · πs|2

2
(77)

πs = −λs − Us(I −G)−1H (78)

where we denote limt→∞Et[Rt,t+j] = Et[Rt,∞]. A similar result is obtained for the long run risk
free rate:
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Et[Rt,∞] = ς (79)

3 Model Estimation

In this section, we describe some statistical properties of our Brazilian macroeconomic and financial
data. We investigate if consumption and GDP are cointegrated, sharing a common trend, so we
can specify correctly the VAR model used to estimate dynamics. We also inspect the predictability
and persistence of consumption growth, a central ingredient of the long run model. Finally, we
estimate our VAR specification and identify independent permanent and temporary shocks. To
identify permanent shocks in our dynamic system, we employ the Blanchard and Quah (1989)
identification scheme. We impose that one of the two shocks in our system has no long run effect
on consumption levels, so that the cumulated effect on consumption growth is equal to zero as
time approaches infinity.

3.1 Data Description

Quarterly series for Brazilian real aggregate family consumption and gross domestic product
(GDP) from 1996.I to 2015.IV are obtained from IBGE database. The two series are treated
for seasonal effects. We use GDP as a predictor of future consumption growth and as an alter-
native source of variation allowing us to identify an additional shock. The permanent income
hypothesis suggests that consumption and income are cointegrated, indicating a useful restriction
to predict consumption. However, aggregate disposable income data is not available before 2000,
so we selected GDP as a proxy. We obtained annual population data from 1996 to 2013 from
IBGE and extrapolated from 2014 to 2015 using linear methods, as Slpine procedures generated
unreliable near zero population growth. To generate a quarterly population series, we interpolated
the annual data using cubic Spline methods.

Financial data is obtained using the Economatica software. We obtain a quarterly series
between 1996.I and 2015.IV for IBOVESPA index to compute market returns and the SELIC
rate, used as a proxy for the risk free rate. Both series are deflated using the IGP-DI price index.

Table 1 presents descriptive statistics for each series, where the mean and standard deviation
estimates are annualized to simplify comparison with other studies and databases. The annualized
standard deviation of consumption and GDP growth are 5.44% and 5.12% respectively. As is the
case in many developing countries, see e.g. Aguiar and Gopinath (2007), consumption is more
volatile than GDP in our sample. Both series are also smoother in our database than usually
reported in the Brazilian equity premium literature, see e.g. Cysne (2006) for a somewhat outdated
survey, where the reported annualized standard deviation for consumption and GDP growth are
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Table 1: Sample Moments

Series Mean (%) St. Dev. (%) AC(1)

Consumption growth 1.65 5.44 0.27
Gdp growth 1.29 5.12 0.22
Return 8.09 65.50 0.11
Risk Free Rate 7.16 9.27 0.55
Excess Return 0.94 64.69 0.08

Note: Annualized mean and standard deviation statistics.

at least two times higher than in our series. Aside from representing different databases, quarterly
consumption and GDP growth are commonly used without seasonal adjustment, increasing their
volatility. Older series are also affected by high inflation levels observed before the beginning
of our sample in 1996, amplifying possible measurement error issues regarding price indexes and
deflators, and resulting in larger volatilities.

1997 1999 2001 2003 2005 2007 2009 2011 2013 2015
11.4

11.6

11.8

12

12.2

12.4

Year

Consumption
GDP

Figure 1: Logarithm of aggregate consumption and GDP

Consumption and GDP growth have been low on average during the period, which are marked
by relative stagnation during the end of the 90’s and from 2010 onward, as we can see in figure 1.
The first order autocorrelations of consumption and GDP growth are 0.27 and 0.22 respectively,
suggesting that they may be predictable by past observations, which will be tested properly.
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3.2 Statistical Properties

We investigate some statistical properties of the logarithm of consumption ct and GDP, which we
denote by yt, series in order to specify a VAR model describing their dynamics. We first test for the
presence of unit riots in the logarithm of consumption and GDP, applying a standard Augmented
Dick Fuller (ADF) test. For a given sample {at}, the methodology consists in regressing

∆at = α + δt+ ρat−1 + β1∆at−1 + ...+ βp∆at−p + vt (80)

and testing the null hypothesis that ρ = 0; if we cannot reject the null, we assume the series {at}
contains a unit riot. To completely specify the test, we assign the number of lags p in equation (80)
using the Schwarz information criterion.

Table 2 presents the results of the ADF test under two specifications for the time trend in
regression (80), either including the time trend in one of the tests and restricting the parameter
δ to be equal to zero in the other. The results indicate that we cannot reject at the 5% level of
significance that both consumption and GDP have an unit riot.

Table 2: Testing for Unit Roots

Time Trend No Time Trend

Series t-statistics p-value t-statistics p-value

Consumption -0.24 0.93 -1.90 0.64
GDP -0.60 0.86 -1.99 0.59

Notes: Testing for unit riot using ADF procedure. Lags are chosen under Schwartz criteria.

We now investigate possible cointegration between ct and yt. Figure 1, plotting the logarithm
of consumption and GDP, appears to suggest that the series share a common stochastic trend.
The permanent income hypothesis, see e.g. Campbell (1987), also implies that consumption and
income should be cointegrated, with (1,−1) as the cointegrating vector. We test the cointegration
hypothesis in our sample using GDP as a proxy for income. In figure 2, we plot the difference
yt − ct, which should be stationary in case of cointegration.

To properly verify if yt − ct is stationary, we apply two different tests. We first test if the
difference yt−ct has a unit riot using the ADF procedure, which is valid if the cointegrating vector
is known. Results are presented in table 3, showing that we cannot reject the null hypothesis that
there is an unit riot in yt− ct. This results indicate that aggregate consumption and GDP are not
cointegrated in Brazil.

The second test is an application of the Johansen (1991) procedure using either an unrestricted
model for yt − ωct, where ω is freely estimated, and the restriction (1, − 1) for the cointegrating
vector. Results in table 4 are not conclusive, we cannot reject that there is no cointegration, but
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Figure 2: Difference between the logarithms of consumption and GDP

Table 3: Testing for Cointegration

Time Trend No Time Trend

Series t-statistics p-value t-statistics p-value

yt − ct -1.23 0.65 -1.88 0.65
Notes: Testing for unit riot using ADF procedure. Lags are chosen under Schwarz criteria.

we also cannot reject the hypothesis that there is one cointegrating relation, either in the restricted
and unrestricted tests.

3.3 Predictability

In this section, we present predictability results for consumption growth, the key ingredient for
the long run risks model. We start by analyzing consumption growth predictability using its past
observations and GDP growth ∆yt as predictors:

∆ct = α + β1∆ct−1 + β2∆yt−1 + ut (81)

We use GDP growth as predictor so we are able to identify two independent shocks when
estimating a full VAR system for our economy. Results are summarized in table 5 and shows
that consumption growth in one quarter ahead can be predicted by past consumption and GDP
growth with an R2 of 0.17. Although the predictability is not strong, it is consistent with the
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Table 4: Cointegration Tests

Unrestricted Cointegration Test
Number of Cointegrating

relations
Trace statistics 0.05 crit. value p-value

0 10.69 15.49 0.23
At most one 1.36 3.84 0.24

Restricted Cointegration Test
Cointegrating vector

restriction
LR statistics 0.05 crit. value p-value

[1− 1] 5.43 3.84 0.019
Notes: Tests under the Johansen procedure. The unrestricted specification has linear trends in the data and
an intercept in the coitegrated equation. Both tests regress a vector autoregression using one lag.

international literature, where consumption growth tends to resemble a random walk.

Table 5: Consumption Growth Predictability

Predicted variable ∆ct−1 ∆yt−1 R2

∆ct 0.07 0.39 0.17
(0.61) (3.02)

∆ct + ∆ct+1 0.27 0.24 0.07
(1.33) (1.12)∑3

i=0 ∆ct+i 0.20 0.62 0.04
(0.62) (1.25)

Notes: We regress at = α+ β1∆ct−1 + β2∆yt−1 + ut, where at stands for the variable in the left column of the
table. The t-statistics are presented in parenthesis.

Even though past consumption and GDP help to predict one quarter ahead consumption
growth, this ability drops with time to a R2 of 0.07 for two quarters ahead and 0.04 a year ahead
prediction. This result indicate that consumption growth, despite being predictable in the short
run, may not have a persistent dynamics.

We test if incorporating the risk free rate as predictor improves the consumption growth
predictability. The SELIC rate is used by the Brazilian central bank as an instrument to influence
inflation and growth, potentially containing new information to forecast consumption growth. We
run the following regression:

∆ct = α + β1∆ct−1 + β2∆yt−1 + β3R
f
t−1 + ut (82)
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where Rf
t represents the risk free rate. Results are in table 6. As we can see, the risk free rate

is not useful to predict future consumption growth after past consumption and GDP growth are
accounted for. This result indicate that eliminating the risk free rate as a predictor, as we do in
the next session to identify independents shocks, does not have a significant impact on describing
consumption dynamics.

Table 6: Consumption Growth Predictability

Predicted variable ∆ct−1 ∆yt−1 ∆rt−1 R2

∆ct 0.07 0.42 0.06 0.18
(0.49) (3.14) (0.95)

∆ct + ∆ct+1 0.28 1.17 0.04 0.07
(1.32) (1.12) (0.42)∑3

i=0 ∆ct+i 0.20 0.42 0.00 0.04
(0.61) (1.21) (0.004)

Notes: We regress at = α + β1∆ct−1 + β2∆yt−1 + β3r
f
t−1 + ut, where at stands for the variable in the left

column of the table. The t-statistics are presented in parenthesis.

We also test the consequences of imposing conintegration to consumption and GDP to the
prediction of consumption growth. The idea is that if the series are cointegrated, yt − ct is
stationary and differences between GDP and consumption carry new information about future
consumption growth. We first estimate a regression on:

∆ct = α + β1∆ct−1 + β2(yt−1 − ct−1) + ut (83)

The above specification represents a detached equation of a cointegrated VAR system in tri-
angular form. We prefer this approach to incorporate cointegration to simplify interpretation and
comparison of results in the asset pricing section. Table 7 summarizes the results, indicating that
imposing cointegration does not improve prediction of consumption growth in the short run, as the
R2 is equal to 0.15, but adds new information to the forecast of consumption in longer horizons.
The R2 in the regressions for two quarters and one year ahead are 0.18 and 0.24 respectively.

3.4 Consumption Dynamics

Having analysed the stochastic relations between consumption and GDP, we specify dynamic
models to identify long run shocks. We estimate consumption dynamics under a VAR framework,
using consumption and GDP growth as endogenous variables. We do not impose cointegration do
avoid misspecification problems in light of our results in section 3.2. Define zt = (∆ct,∆yt) and
write it as a VAR(p):
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Table 7: Consumption Growth Predictability

Predicted variable ∆ct−1 yt−1 − ct−1 R2

∆ct 0.23 0.11 0.15
(2.16) (2.71)

∆ct + ∆ct+1 0.31 0.21 0.18
(1.94) (3.50)∑3

i=0 ∆ct+i 0.45 0.44 0.24
(1.65) (4.51)

Notes: We regress at = α+ β1∆ct−1 + β2(yt−1− ct−1) + ut, where at stands for the variable in the left column
of the table. The t-statistics are presented in parenthesis.

zt = µ+ Φ1zt−1 + ...+ Φpzt−p + ut (84)

where the matrices Π and Φi are 2×2, for i = 1,...,p, µ is a 2-dimensional vector and ut+1 has zero
mean and covariance matrix Ω. The number of lags is chosen according to the Schwarz criterion
in the first place, where new lags are added if necessary to avoid residual autocorrelation. The
covariance matrix of residuals Ω does not have economic meaning, specially since residuals are
correlated in our sample.

To identify independent shocks that have economic interpretation in our long run risks en-
vironment, we apply Blanchard and Quah (1989) decomposition. The identification consists in
assuming that structural shocks εt+1 = (εtt+1,ε

p
t+1) are uncorrelated with each other and only one

of them, εpt+1, has permanent effects on consumption level. The identifying restriction is that the
cumulated effect of εtt+1 on future consumption growth is equal to zero when time approaches
infinity. The VAR system allows us to recover estimated short run risk exposures of aggregate
consumption growth λc from long run restrictions. We distinguish each coordinate of vector λc by
defining λtc as the short run effect to the temporary shock and λpc as the short run effect caused
by the permanent shock.

We assume that dividends have levered exposures to consumption risks, so that the vectors λd
and λc are proportional. Similar to Bansal and Yaron (2004), we assume that λd = 4λc, where it
is implied that the leverage on each structural shock is the same. The choice of leverage, although
important to the determination of total risk premium, does not impact risk prices or the relative
importance of cash flow risk exposure. We also select a leverage that does not artificially inflate
excess returns, but at the same time acknowledges the fact that dividend growth variation tends to
be much higher than the one found on consumption growth. Campbell (2003), using international
data, finds that dividend growth’s standard deviation is between 1.7 and 16 times higher than the
consumption growth counterpart.
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Using equations (5) and (14), we obtain estimates for the long run cumulated effects of shocks
to consumption πc and dividend πd. We adopt the same terminology used above and define πti and
πpi as the long run responses to temporary and permanent shocks, respectively, where i stands for
c or d. Table 8 reports estimation results for both short and long run risk exposures. We multiply
every result by 100 to obtain percentage responses to a one standard deviation shock.

Table 8: Risk Exposures

Series λti (%) λpi (%) πt
i (%) πp

i (%)

Consumption 0.34 1.22 0 1.95
Dividend 1.33 4.89 0 7.8

Note: Risk exposures are multiplied by 100.

Permanent shocks are the primary source of variation to aggregate consumption and dividends.
The short run response of consumption growth to the permanent shock is 1.22%, about 3.5 times
higher than the one quarter risk exposure of 0.34% to the temporary shock. The risk exposure
patterns for dividend growth are the same as a consequence of our parametrization choice: a one
standard deviation shock causes dividends to increase 4.89% after a permanent shock and 1.33%

after a temporary shock. Although consumption growth in Brazil has a predictable component, it
is not large, as indicated by the small size of temporary shocks. When the dynamics of consumption
level is determined by a random walk, and thus is not predicted by other variables, temporary
shocks cannot exist. The short run effect of a temporary shock on consumption has to be reversed
in the future, which is not possible in a random walk scenario.

The long run consumption and dividend responses are dictated by the restrictions imposed for
identification. The cumulated effect of temporary shocks in both series are equal to zero by design,
as we have seen, so that expectations about consumption levels in the long run remains unchanged.
The permanent shock, on the other hand, has no long run restrictions and is determinant to the
asymptotic properties of consumption, dividends and asset prices. A one standard deviation
permanent shock generates a 1.95% increase to consumption level in the long run, larger than the
one period response, indicating some degree of predictability and persistence. The long run effect
of a permanent shock to aggregate dividend under our parametrization is 7.8%, a relevant risk
exposure to a one quarter shock.

We depict impulse responses of consumption levels to both temporary and permanent shocks
in figure 3. The effects of temporary shocks to consumption quickly declines to zero, lasting for
about two quarters. This result is explained by the small short run impact of temporary shocks,
which can be easily reversed. The effect of permanent shock accumulates over time, stabilizing
about one year in advance at its long run value πpc .

We illustrate in figure 4 the Beveridge and Nelson decomposition of the logarithm of con-
sumption level between a deterministic trend, a stationary process and a martingale. To simplify
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Figure 3: Consumption Impulse Responses

comparison between the three processes, we added the deterministic trend to the stationary and
martingale series. The deterministic trend µc is equal to 1,55% (it is not equal to the mean log-
arithm consumption growth, 1,65%, because of the loss of observations necessary to estimate a
VAR system).

The stationary component of consumption level, given by −Uc(I −G)−1xt, is relatively small.
To understand why this is the case in the Brazilian data, notice that an innovation to the stationary
term is given by the negative of cumulated future responses to a shock on consumption growth
−Uc(I −G)−1H. In mathematical terms, it is the difference between πc and λc. As a consequence
of our identification procedure, πtc = 0, so the effect of an innovation to the stationary term is
equal to −λtc = −0.34%. The response of st to an innovation to the permanent shock is equal to
−0.73%, about twice the effect of the temporary shock, being the primary source of variation to
the stationary component of consumption level.

The evolution of the martingale component zt is entirely determined by the permanent shock
because of the restriction πtc = 0 imposed for identification. As we can see in figure 4, the
martingale process is the main source of variations to consumption levels. This pattern is consistent
with data in US, see e.g. Reis (2009), Cochrane (1994) and Bansal and Yaron (2004), in which
consumption resembles a random walk, as predicted by the permanent income hypothesis, but
contains a small predictive component. The effect of a permanent shock to the martingale zt is
equal to the long run cumulated effect on consumption level, πpc = 1,95%, the unrestricted element
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Figure 4: Beveridge and Nelson Decomposition

of πc.

4 Asset Pricing Implications

Asset prices are dictated by the dynamic specification of cash flows and the stochastic discount
factor, which are in turn determined by consumption, the only source of non-diversifiable risk
in the model. In this section, we examine the asset pricing implications of estimated Brazilian
consumption dynamics, which are used to construct stochastic processes for aggregate dividends
and approximate solutions for the stochastic discount factor.

In table 9, we show results for risk prices −λs, the one period exposure of st,t+1 to risk, and
−πs, the long run exposure of the stochastic discount factor to uncertainty, assuming that ρ = 1.
As we have seen, in this case one period risk prices can be expressed as the sum of two sources of
innovations to st,t+1: a familiar CRRA component −λcrras = γλc, associated with aversion to next
period consumption uncertainty by the representative agent, and −λezs = (γ − 1)βUc(I − βG)−1,
the Epstein-Zin induced risk price that reflects concerns with respect to continuation value’s
variations. Results in table 9 are decomposed between risk prices associated with temporary and
permanent shocks, where each term represents a coordinate of the corresponding risk price vector.
The subjective discount factor β is fixed in 0.96.

The main source of variation in the decomposed stochastic discount factor is the usual power
utility induced risk price −λcrras , associated either with temporary and permanent shocks. The risk
price generated by λcrras increases proportionally with γ, as it is represented by the product of risk
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Table 9: Risk Price Decomposition

−λcrra
s (%) −λez

s (%) −λs(%) −πs(%)

γ εtt+1 εpt+1 εtt+1 εpt+1 εtt+1 εpt+1 εtt+1 εpt+1

2 0.66 2.45 -0.31 0.66 0.35 3.11 0.03 3.83
5 1.66 6.12 -1.23 2.64 0.43 8.75 0.11 9.47
10 3.32 12.23 -2.76 5.93 0.57 18.16 0.25 18.87
20 6.64 24.46 -5.81 12.51 0.84 36.96 0.51 37.68

Note: Risk prices are multiplied by 100. The parameters used are β = 0.96 and ρ = 1.

aversion and the consumption growth exposure to aggregate shocks. This proportionality means
that the same pattern observed in consumption takes place here: permanent shocks generate about
3.5 times more power induced risk prices than temporary shocks.

Risk prices originated by the Epstein-Zin component −λezs have distinct results depending on
which shock they are referring to. We start examining permanent shocks, the main source of
consumption uncertainty in the Brazilian economy. Positive permanent shocks are good news for
consumption in subsequent periods, as indicated in table 8, generating variation in the expected
value of future consumption levels and inducing a response to the stochastic discounted factor
through λezs . Comparing this result with table 9, we can see that the gap between λezs and λcrras

associated with permanent shocks increases for higher levels of risk aversion. When γ = 2, the risk
price induced by power utility and the permanent shock is almost four times the price generated
through the Epstein-Zin component for the same source of risk. This discrepancy decreases when
the risk aversion is larger: for γ = 20, the risk price of the exposure to permanent shocks induced
by λcrras is about two times λezs . These results suggest that predictability features in the Brazilian
aggregate consumption dynamics are able to establish a distinction between risk prices generated
by Epstein-Zin preferences and risk prices obtained using the standard power utility.

Temporary shocks generate distinct risk price patterns in this economy. Table 9 shows that
the risk price of a temporary shock associated with components λcrras and λezs have inverted signs
but similar absolute values. To understand the rationale behind this result, we investigate more
deeply the mechanisms behind the shock identification method. Identification is obtained by
restricting one coordinate in λc + Uc(I − G)−1H to be equal to zero, so that the short run effect
of a temporary shock is reversed in the future and the long run level of consumption remains
unchanged. Accordingly, a positive temporary shock is bad news for future consumption growth
and decreases the risk adjusted continuation value of the representative agent. Therefore, although
the exposure to temporary shocks generates a positive risk price through the usual power utility
channel, it also induces the opposite effect through the Epstein-Zin component, as it is determined
by the discounted cumulative consumption responses.
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The total risk price −λs, the sum of components −λcrras and −λezs , is dominated by com-
pensations for exposure to permanent consumption shocks, ultimately the main determinant of
short run risk premia in this economy. Consumption uncertainty, as discussed above, is primarily
driven by permanent shocks, both in the short and long run. Positive permanent shocks increase
payoff discounting by decreasing marginal utilities through λcrras and, reflecting the subsequent
positive effect on continuation values, reinforces payoff discounting through λezs . Exposure to
temporary shocks, nevertheless, have a small positive risk price because, although it decreases
marginal utilities through a short term boost to consumption, it is bad news for consumption in
subsequent quarters, almost completely reverting the marginal utility effect. The total risk price
of a temporary shock is still positive, as reported in table 9, because of the subjective discount β.

For ρ = 1, long run risk prices are given by −πs, as defined in equation 78. The difference
between πs and λs is given by −Uc(I−G)−1H, so variations in the temporal structure of risk prices
are determined by predictability and persistence of aggregate consumption. The long run risk price
of the exposure to temporary shocks is near zero for all risk aversion parameters illustrated in the
table, which is an expected result since consumption is not affected by these shocks in the long run.
Permanent shocks, on the other hand, as the only source of long run consumption uncertainty,
dictate risk compensations in the long run, as depicted in the third column of the table.

Comparing the long run risk prices with their short run counterpart in table 9, we find that the
temporal structure of risk prices in Brazil does not change dramatically over time. This result is a
consequence of the weak predictability of Brazilian consumption, as discussed in section 3. As we
have seen, though, even a small predictable component in consumption is able to increase short
run risk prices through the Epstein-Zin component λezs , which enhances the effect of consumption
predictability because of the risk aversion coefficient. The consumption dynamics in Brazil, how-
ever, is not able to produce a large gap between short and long run risk prices, where risk aversion
does not play a role. A similar result is found in Hansen, Heaton, and Li (2008), where a mostly
flat risk price temporal structure is obtained using US data.

In table 10, we report short and long run risk free rates generated by the model using the
estimated consumption dynamics. The IES does not shift risk free rates significantly, so we focus
our discussion on the special case ρ = 1 to gain intuition. All results below that are depended on
conditional expectations are obtained setting the state variable xt to zero.

The one period risk free rate is determined by the mean and variance of st,t+1. When the state
variable is zero, the mean logarithm of the stochastic discount factor is equal to µs, which is mainly
dictated by the the subjective discount factor. A small change in β represents a large shift to the
annualized risk free rate: when the discount factor decreases its value by 0.01, the annualized risk
free rate increases about 4%. The contribution of the unconditional mean consumption growth µc
to the annualized log risk free rate is equal to 1.5%. The Jensen correction is a small component
of the risk free rate and is responsible for the variation detected between different coefficients of
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Table 10: Annualized Risk Free Rate (%)

rft,t+1 rft,∞

γ = 5

β/ρ 0.5 1 1.5 0.5 1 1.5

0.99 4.37 5.10 5.82 4.23 4.83 5.43
0.98 8.44 9.16 9.89 8.30 8.90 9.49
0.97 12.54 13.27 13.99 12.10 13.00 13.60

γ = 10

β/ρ 0.5 1 1.5 0.5 1 1.5

0.99 3.95 4.63 5.30 3.67 4.07 4.48
0.98 8.01 8.69 9.37 7.74 8.14 8.55
0.97 12.12 12.80 13.47 11.85 12.25 12.66

γ = 20

β/ρ 0.5 1 1.5 0.5 1 1.5

0.99 3.09 3.68 4.25 2.53 2.56 2.59
0.98 7.17 7.75 8.32 6.61 6.64 6.67
0.97 11.28 11.86 12.44 10.73 10.76 10.79

Note: Risk rates are multiplied by 100.

risk aversion.
The discrepancy between short and long run risk free rates is determined by the Jensen adjust-

ment, which is given by half of the norm of the associated stochastic discount factor’s exposure
vector. Temporal differences related to risk free rates are small in this model mainly due to two
reasons. First, the Jensen adjustment is relatively small when compared with µs. Second, the
short and long run rates differ only if the gap between |λs| and |πs| is not negligible, which as we
have seen is not the case. Another way to interpret this result is to notice that a non smooth risk
free rate curve will only emerge if risk prices change dramatically over time, so that it’s volatility
compensates the limited importance of the Jensen inequality to the determination of risk free
rates. Our results don’t imply this pattern of risk price temporal structure.

To report risk premium results, we also focus on the log-linear case when ρ = 1. If this
special condition is satisfied, the model allows us to write one period risk premium as the inner
product between the risk price −λs and the risk exposure λd for any payoff that can be described
as in equation 11. We decomposed risk prices as the sum of −λcrras and −λezs , so we write one
period excess return as the sum of the premia originated from CRRA preferences and the extra
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Epstein-Zin preference component. Using this decomposition, we are able to assess if the Brazilian
economy presents the necessary patterns of predictability and persistence to justify the use of the
more general Epstein-Zin preferences class. Define:

EtR
e,crra
t,t+1 = −λcrras · λd (85)

EtR
e,ez
t,t+1 = −λezs · λd (86)

(87)

so that we can write one period risk premium as:

Et[R
e
t,t+1] = EtR

e,crra
t,t+1 +EtR

e,ez
t,t+1 (88)

Table 11 shows results for risk premia in the log-linear case, both in the short and long run,
using different parametrizations for β and γ. Most of the risk premium in this economy is generated
by the usual power utility component of the stochastic discount factor, as it is also the main source
of risk prices. Epstein-Zin induced premia, however, are not negligible and constitutes about a
third of the market one period excess return when the risk aversion coefficient is equal to 10

and 20. These results suggest that even though consumption predictability and persistence is
relatively low in Brazil, it is still capable of generating a significant compensation for payoff risks.
The model, however, in this log-linear environment, requires a relatively large risk aversion to
produce a moderate risk premium for payoffs realized one period ahead.

We can also see that the subjective discount factor β has a minor effect on risk premia. As we
see in equation 41, the risk price induced by power utility −λcraas depends entirely on risk aversion
and the one period ahead exposure of consumption to aggregate risks. Nevertheless, a small
effect of β can be found in λezs , reflecting the influence of discounting future consumption levels to
compose continuation values. When β is low, future consumption streams are less important to the
representative agent and the effect of news about future consumption to the stochastic discount
factor is constrained. A consequence of lower β is thus a reduced variation in st,t+1 and a lower
compensation for one period ahead payoffs that are impacted by news about future consumption
growth.

As we have discussed above, the risk exposure of consumption to shocks is not i.i.d., which
would add the same amount of risk every period. The consumption predictability pattern found in
the Brazilian data implies that permanent shocks, the main source of long run risks, accumulates
over time and exposes the representative agent to more uncertainty when the payoff is paid further
in the future. Risk prices also tend to accumulate over time, as we have seen in table 9, boosting
the compensation required to bear long run risks.

In table 12, we fix β = 0.98 and examine the effect of the intertemporal elasticity of substitution
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Table 11: Annualized Equity Premium (%)

EtR
e,crra
t,t+1 EtR

e,ez
t,t+1 EtR

e
t,t+1 EtR

e
t,∞

β γ = 5

0.97 1.28 0.47 1.75 2.16
0.98 1.28 0.48 1.76 2.17
0.99 1.28 0.49 1.77 2.18

γ = 10

0.97 2.56 1.06 3.63 4.31
0.98 2.56 1.08 3.65 4.34
0.99 2.56 1.1 3.67 4.36

β γ = 20

0.97 5.13 2.25 7.39 8.62
0.98 5.13 2.29 7.43 8.67
0.99 5.13 2.33 7.47 8.72

Note: Annualized returns are multiplied by 100.

on one period risk premium. The results suggest a small influence of ρ in the determination of
the equity premium. We must keep in mind, though, that the range of ρ is relatively small as we
are working with approximations of the stochastic discount factor around ρ = 1, which restrains
the use of larger IES values.

5 Conclusion

Post hiper-inflation Brazilian data on aggregate consumption and stock excess returns challenge
the CCAPM model demanding alternative explanations for risk. In this paper, we adopt the long

Table 12: One Period Excess Return

Et[Rt,t+1]

γ/ρ 0.5 1 1.5

2 0.69 0.63 0.57
5 1.82 1.76 1.7
10 3.71 3.65 3.59
20 7.49 7.43 7.36

Note: Risk prices are multiplied by 100.
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run risks model proposed by Hansen, Heaton, and Li (2008) where a combination of consumption
predictability with a recursive utility that is sensitive to the future path of consumption introduces
a new channel of risk not captured by a traditional power utility. We carefully analyze the time
series of Brazilian consumption and GDP ending up identifying, via a VAR model with transitory
and permanent shocks, the dynamics of consumption uncertainty and its role on the proposed
long run risks model. We identify that the Epstein-Zin utility function generates an important
component of equity risk premia not captured by the Power utility. As a possible topic for future
research, a more general long run risks model with stochastic volatility could be calibrated to be
compared with the current model aiming at targeting the high variation of the volatility of equity
returns in Brazil, with the expense of having less analytical tractability.

A Appendix

A.1 Stochastic Discount Factor

In this appendix, we provide formulas for the stochastic discount factor approximation. We first
compute the coefficients for the derivative of the value function for ρ = 1:

Dv1t = −(1− β)

2β

(
v1t
)2

+ βE∗t [Dv
1
t+1] (89)

Write (v1t )
2 as:

(
v1t
)2

= A0 + 2x′tA1 + x′tA2xt (90)

where the coefficients (A0,A1,A2) are obtained using the solution v1t = µv + Uvxt:

A0 = µ2
v (91)

A1 = µvUv (92)

A2 = U ′vUv (93)

It can be verified that equation (89) has the linear quadratic solution:

Dv1t = −1

2
x′tB2xt −B1xt −

B0

2
(94)

where:

B0 =
1− β
β

A0 + βB0 + βtr(H ′B2H) + ... (95)
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β(1− γ)2(λc + βUc(I − βG)−1H)H ′B2H(λc + βUc(I − βG)−1H) + ... (96)

2β(1− γ)B1H(λc + βUc(I − βG)−1H) (97)

B1 =
1− β
β

A1 + βB1G+ β(1− γ)(λc + βUc(I − βG)−1H)′H ′B2G (98)

B2 =
1− β
β

A2 + βG′B2G (99)

To obtain the approximation for the stochastic discount factor, take the derivative of sρt,t+1

with respect to ρ and write:

Dsρt+1 = vρt+1 − logRt (exp (vt+1 + ∆ct+1)) (100)

+ (ρ− γ)
(
Dvρt+1 −E∗t [Dv

ρ
t+1]
)

where the expectation E∗t [·] is taken with respect to the probability distorted by:

exp
(
(1− γ)(v1t+1 + ∆ct+1

)
Et[exp

(
(1− γ)(v1t+1 + ∆ct+1)

)
]

(101)

Under the distorted probability measure, shocks are distributed as N ((1− γ)(λc + UvH,I).
Write the solution for the derivative of the stochastic discount factor as:

Ds1t+1 = C0 + C1xt + C2εt+1 + x′tC3εt+1 + ε′t+1C4εt+1 (102)

where

C0 = −µc −
(1− γ)

2

[
tr(H ′B1H)− |λc + UvH|2+ ... (103)

(1− γ)B1Hλc + UvH + (1− γ)2(λc + UvH)′H ′B2H(λc + UvH)
]

(104)

C1 = −Uc + (1− γ)2(λc + UvH)′H ′B2G (105)

C2 = UvH − (1− γ)B1H (106)

C3 − (1− γ)G′B2H (107)

C4 = −(1− γ)

2
H ′B2H (108)

The stochastic discount factor is then approximated by the equation:

st+1
ρ = s1t+1 + (ρ− 1)Ds1t+1 (109)
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= D0 +D1xt +D2εt+1 + x′tD3εt+1 + ε′t+1D4 (110)

A.2 Pricing equation

In the general case, we are interested in pricing assets whose stationary components have the form:

φ0 + φ1xt+1 +
1

2
x′t+1φ2xt+1 (111)

Applying the operator P(·) to the above equation and using the approximate stochastic dis-
count factor, we find that:

P
(
φ0 + φ1xt+1 +

1

2
x′t+1φ2xt+1

)
= exp

{
φ∗0 + φ∗1xt+1 +

1

2
x′t+1φ

∗
2xt+1

}
(112)

where:

φ∗0 = φ0 − µs − µd + log
(
|I −D4 +H ′φ2H|1/2

)
− ... (113)

1

2
(λs + πd − φ1H)′(I −D4 +H ′φ2H)−1(λs + πd − φ1H) (114)

φ∗1 = −Us + φ1G− (λs + πd − φ1H)′(I −D4 +H ′φ2H)−1(D3 −H ′φ2G) (115)

φ∗2 = G′φ2G− (D3 −H ′φ2G)′(I −D4 +H ′φ2H)−1(D3 −H ′φ2G) (116)

We find the eigenvalue and the eigenfunction of the operator P(·) by solving the equation:

P
(
φ̄1xt+1 +

1

2
x′t+1φ̄2xt+1

)
= e−ν exp

{
φ̄1xt+1 +

1

2
x′t+1φ̄2xt+1

}
(117)

The eigenfunction is defined by (φ̄1,φ̄2), where:

φ̄1 = −(Us + (λs + πd)(I −D4 +H ′φ̄2H)−1(D3 −H ′φ̄2G))× (118)

(I −G−H(I −D4 +H ′φ̄2H)−1(D3 −H ′φ̄2G)′)−1 (119)

φ̄2 = G′φ̄2G− (D3 −H ′φ̄2G)′(I −D4 +H ′φ̄2H)−1(D3 −H ′φ̄2G) (120)

and the eigenvalue is given by:

ν = −µs − µd − log
(
|I −D4 +H ′φ̄2H|1/2

)
− ... (121)
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− 1

2
(λs + πd − φ̄1H)′(I −D4 +H ′φ̄2H)−1(λs + π̄d − φ̄1H) (122)
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